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INTRODUCTION 1

anharmonic oscillator : q̈ + V ′(q) = 0

V (q) =
1
2
ω2

0
q2

1 + q2/L2
1 + q3/L3

2

Figure: V (q), ω2
0 = 14, L1 = 1.195, L2 = 0.693
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INTRODUCTION 2

periodic solution : q(t) , q(0) = ε , q̇(0) = 0
condition for existence : |ε| < 21/3L2

motion frequency : ω = ω(ε) = ω0 + ω1ε+ ω2ε
2 + O(ε3)

problem : find ωn , for n > 0

solution : ω1 = 0 , ω2 = −3ω0
4L2

1
, · · ·
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INTRODUCTION 3

Poincare’-Lindstedt method :

q(t) = f (θ, ε) , θ = ω(ε)t

q̈ + ω2
0q = c2q2 + c3q3 + · · · → ω2(ε)f ′′ + ω2

0f = c2f 2 + c3f 3 + · · ·{
f (θ, ε) = εf1(θ) + ε2f2(θ) + · · ·
ω(ε) = ω0 + εω1 + ε2ω2 + · · ·{

f ′′n + fn = Fn , f1(0) = 1 , f ′1(0) = 0 , fn(0) = 0 , f ′n(0) = 0 , n > 1
F1 = 0 , Fn =

∑n
α=−n Fα

n eiαθ , n > 1

KILLING SECULAR TERMS : F (1)
n = F (−1)

n = 0 for n = 2 , 3 , · · ·
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INTRODUCTION 4

Lindstedt series

q(t) =
∑
n=1

n∑
α=−n

fαn ε
neiα(ω0t+εω1t+ε2ω2t+··· )

q(t) =
∑
n=1

n∑
α=−n

fαn ε
neiα(ω0t+ω1t1+ω2t2+··· )

t = fast time ; tn = εnt slow times for n = 1 , 2 , 3 · · ·

q(t) =
∑
n=1

n∑
α=−n

εnqαn (t1, t2, · · · )eiαω0t

d
dt
→ ∂

∂t
+ ε

∂

∂t1
+ ε2

∂

∂t2
+ · · ·

1 nonlinearity generates 2n + 1 higher harmonics at each n
2 the approximate solution q(t) is a double expansion
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WAVE EQUATIONS 1

Du = F [u,ux ,uxx , . . .] , u∗ = u = u(x , t)

D = ∂/∂t + iω(−i∂/∂x)

ω(k) =
∑
m=0

a2m+1k2m+1

example : ω(k) = a1k + a3k3

ut + a1ux − a3uxxx = −a3ux [αsinhu + β(coshu − 1) + u2
x/8]
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WAVE EQUATIONS 2

linear equation :

F = 0 , u(x , t) =

∫ +∞

−∞
dqU(q) exp{i[xq − tω(q)]}+ c.c.

q = k + η∆k , −1 < η < 1 , U(q) = U(k + η∆k) = A(η)

small parameter : ε = ∆k/k , carrier wave : E(x , t) ≡ exp[i(kx − ωt)]

u(x , t) = εE(x , t)u(1)(ξ, t1, t2, . . .) + c.c.

ξ ≡ εx , tn ≡ εnt

u(1)(ξ, t1, t2, . . .) = k
∫ +∞

−∞
dηA(η) exp[i(kηξ − kω1ηt1 − k2ω2η

2t2 − . . .)]

∂tnu(1) = (−i)n+1ωn∂
n
ξ u(1) , n = 1,2, . . . ,

[∂tn , ∂tm ] = 0
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WAVE EQUATIONS 3

nonlinear equation : Du = F [u,ux ,uxx , . . .]

u(x , t) =
+∞∑

α=−∞
u(α)(ξ, t1, t2, . . .)Eα(x , t) , u(α)∗ = u(−α)

∂x → ∂x + ε∂ξ , ∂t → ∂t + ε∂t1 + ε2∂t2 + . . .

D = ∂/∂t + iω(−i∂/∂x) , D[u(α)Eα] = EαD(α)u(α)

F [u,ux ,uxx , . . .] =
+∞∑

α=−∞
F (α)[u(β),u(β)

ξ ,u(β)
ξξ , . . .]E

α , F (α)∗ = F (−α)

D(α)u(α) = F (α)

Remark 1 : if F (−u) = −F (u) we may assume u(2α) = 0
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WAVE EQUATIONS 4

D(α) = D(α)
0 + εD(α)

1 + ε2D(α)
2 + . . .

D(α) = −iαω(k) + ε∂t1 + ε2∂t2 + . . .+ iω(αk − iε∂ξ)

Remark 2 : if ω(k) is polynomial of degree N then the number of slow
times is N and D(α) is of order N

D(α)
0 = i[ω(αk)− αω(k)]

Remark 3 :

{
slave harmonics D(α)

0 6= 0
resonant harmonics D(α)

0 = 0
Assumption : only the harmonics α = ±1 are resonant
Remark 4 : u(α) = O(εα) , u(α) =

∑
n=α ε

nu(α)(n)
Remark 5 : all u(α)(n) for n ≥ 2 are differential polynomials of u(1)(n)
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WAVE EQUATIONS 5

new notation ATTENTION :

u(1) ≡ u = εu(1) + ε2u(2) + . . . , u(−1) = u∗ , uj(n) ≡ ∂ j
ξu(n)

D(1) ≡ D = εD1 + ε2D2 + . . . , Dn = ∂tn − (−i)n+1ωn(k)∂n
ξ

F (1) ≡ F = ε3F3 + ε4F4 + . . .

Pn ≡ set of nonlinear differential polynomials of order n and gauge1 of u(m)

order of {uj(n)} = order of {u∗j (n)} = j + n , Fn ∈ Pn

dim{P3} = 1 , basis of {P3} = {|u(1)|2u(1)} , dim{P4} = 4 ,
basis of {P4} = {|u(1)|2u(2) , u(1)2u∗(2) , |u(1)|2u1(1) , u(1)2u∗1(1)}
dim{P5} = 14 , dim{P6} = 36 ,

Pn(j) ≡ subspace of Pn depending on u(m) , 1 ≤ m ≤ j

Pn(n − 2) = Pn
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SECULARITIES 1

resonant harmonic α = 1 : Du = F

D1u(n) + D2u(n − 1) + . . .+ Dnu(1) = Fn+1 , n = 1,2,3, · · · ,

n = 1 : D1u(1) = (∂t1+ωk∂ξ)u(1) = 0 , u(1) = u(1)(ξ−ωk t1, t2, t3, · · · )

n = 2 : D1u(2) = −D2u(1) + F3 ,

Remark : D1u(2) = 0 , u(2) = u(2)(ξ − ωk t1, t2, t3, · · · )
proof : D1D2u(1) = 0 , D(1)F3 = 0 , → D2u(1)− F3 = 0

F3 = −2iω2c|u(1)|2u(1)

NLS : ∂t2u(1) = iω2(∂2
ξu(1)− 2c|u(1)|2u(1)) , c = c∗

Remark : D1u(n) = 0 proof : by recursion
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SECULARITIES 2

triangular system of PDEs

D2u(n − 1) + D3u(n − 2) + . . .+ Dnu(1) = Fn+1 , n = 2,3, · · ·

n = 2→ NLS , n = 3→ D2u(2) = −D3u(1) + F4
Remark : D3u(1) is secular
eliminating secularity : D3u(1) = −6ω3c|u(1)|2uξ(1) ∈ P4(1) , cmKdV
by recursion : Dnu(1) = (−i)n+1ωncVn+1, , Vn ∈ Pn(1) n = 1,2, . . .

V5 = 2 (3q1 + 3cq2
0 − q0ξξ)u(1)− 6(q0u1(1))ξ ∈ P5(1)

V6 = 10 (q1 + 3cq2
0 − q0ξξ)u1(1)− 6(q0u2(1))ξ ∈ P6(1)

qj = |uj(1)|2 , j = 0,1,2, . . .

D2u(n − 1) + D3u(n − 2) + . . .+ Dn−1u(2) = Hn+1 , n ≥ 3

Hn = Fn + (−i)n−1ωn−1cVn
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INTEGRABILITY 1

integrability of NLS→ commutativity of NLS flows :

∂tnu(1) = Kn[u(1)], n = 1,2, . . .

integrability of the original PDE :

d
ds

Kn[u(1) + sv ]|s=0 = K ′n[u(1)]v , Mn = ∂tn − K ′n[u(1)] , [Mn , Mm] = 0

M2u(n − 1) + M3u(n − 2) + . . .+ Mn−1u(2) = Gn+1 , n ≥ 3

Mnu(m) = gn(m) , n ≥ 2, m ≥ 2

1 gn(m) ∈ Pn+m(m − 1) , 2 Mjgn(m) = Mngj(m)

g2(n) + g3(n − 1) + . . .+ gn(2) = Gn+2
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INTEGRABILITY TEST 1

remark : the existence of g2(m) ∈ Pm+2(m − 1) and of
g3(m) ∈ Pm+3(m − 1) such that M2g3(m) = M3g2(m) implies the
hierarchy Mnu(m) = gn(m) ∈ Pm+n(m − 1) of commuting flows

g2(2)→ g3(2) , g4(2) , g5(2) ,
−−− + + +

G4 g2(3) → g3(3) , g4(3) ,
−−− + +

G5 g2(4) → g3(4) ,
−−− +

G6 g2(5) →
−−−

G7
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INTEGRABILITY TEST 2

first obstruction at order n + 1 → An−integrability

M3g2(n + 1) /∈ M2(Pn+4(n))

A1-integrability→ NLS
A2-integrability→ M3g2(2) = M3G4

G4 = (a|u(1)|2u1(1) + bu(1)2u∗1(1)) ∈ P4(1)

computation : M3(a|u(1)|2u1(1) + bu(1)2u∗1(1)) ∈ M2(P5(1))
iff a = a∗ , b = b∗

P3(1)→ 1 , P4(1)→ 2 , P5(1)→ 5 , P6(1)→ 8 , P4(2)→ 4

P5(2)→ 12 , P6(2)→ 26 , P5(3)→ 14 , P6(3)→ 34 , P6(4)→ 36
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DP equation 1

testing the 5-parameter family :

ut + cux + duxxx − a2uxxt − a2f (uuxxx + buxuxx ) + guux = 0

passing the A3-integrability test :

1 a = 0 , KdV , ut + cux + duxxx + guux = 0
2 b = 2 , g = 3f , CH ,

ut + cux + duxxx − a2uxxt − a2f (uuxxx + 2uxuxx ) + 3fuux = 0
3 b = 3 , g = 4f , DP ,

ut + cux + duxxx − a2uxxt − a2f (uuxxx + 3uxuxx ) + 4fuux = 0
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DP equation 2

DP equation :

mt + umx + 3uxm = 0 , u − uxx = m

Lax pair : {
ψxxx = ψx + λm(x , t)ψ
ψt = 1

λψxx − u(x , t)ψx + ux (x , t)ψ
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