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INTRODUCTION 1

anharmonic oscillator: g+ V'(q) =0
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Figure: V(q),w3 =14, Ly = 1.195, L, = 0.693
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INTRODUCTION 2

periodic solution : q(t), g(0) =€, g(0) =0
condition for existence : |¢| < 2'/3L,

motion frequency : w = w(e) = wp + wie + woe® + O(3)
problem : find w, , for n>0

solution : wy =0, wgz—% yo
1
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INTRODUCTION 3

Poincare’-Lindstedt method :

q(t) =1f(0,¢) , 0=w(e)t

'q+w§q:02q2+c3q3+... — wz(e)f’/—i-wgf:Cgf2—|—C3f3+"'

f(0,€) = efy(0)+ 2h(0) + -
w(e) = wo+ews + wp+ -

fp+fo=Fn, 1(0) =1, fi(0) =0, f,(0) =0, ;2(0) =0, n>1
Fi=0,Fo=3"__ Fre® n>1

a=—n

KILLING SECULARTERMS : F\" = F{"Y —0forn=2,3,...
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INTRODUCTION 4

Lindstedt series

n
Q(t) = Z Z fr‘?‘enei@(wol‘-&-ewt+52w2t+,,,)

n=1a=-—n

n
q(t) = Z Z fﬁveneia(wot—f—wt1+wzt2+,..)

n=1a=-—n

t = fasttime ; t,=¢"t slowtimesforn=1,2,3--.

n
q(t) = Z Z 6nq?;(f‘h1‘27'”)elomjot

n=1a=-—n

ﬂ—>é—|—6i—i-62i—i- :
dt ot 0t b
@ nonlinearity generates 2n + 1 higher harmonics at each n

@ the approximate solution g(t) is a double expansion
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WAVE EQUATIONS 1

Du = Flu, ux, Uxx,...] , u"=u=u(x,t)
D = 0/0t + iw(—id/0x)

w(k) _ Z 32m+1k2m+1
m=0
example : w(k) = ajk + agk®

Ut + a1 Uy — aglxxx = —asly[asinhu 4 3(coshu — 1) + 12 /8]
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WAVE EQUATIONS 2

linear equation :
+0o0

F=0, u(xt)= / dqU(q) exp{i[xq — tw(q)]} + c.c.

q=k+nAk, -1 <n<1, UQ)=UKk+nAk) = A(n)
small parameter : ¢ = Ak/k , carrier wave : ’E(x, t) = exp[i(kx — wt)]‘

u(x,t) = eE(x, HuM(&, ty, b, ...) + c.c.

’ E=ex, th=€"t ‘

+oo
Ut b, ) = k/ dnA(n) expli(kné — kwinty — kK2wen?ty — ...)]

O u) = (=) wpofu™ | n=1,2,...
[8fn78tm] =0
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WAVE EQUATIONS 3

nonlinear equation : Du = Fu, uyx, Uxx, - - .]

+oo
u(x, )= > uNE bk, )EX (Xt (@) = )

Ox — Ox +€De , Of — Op + €Oy + 20y, + ...
D =0/8t+ iw(—i0/dx) , D[u®EY] = E*D()y(®)

+oo
F[u’ Uy, Uxx, - - ] — Z F(OZ)[IJ(IB)7 Uéﬁ)) uélg)v . ]ECM , F(a)* — F(*Oé)

a=—00

ple) 4l — Flo)

Remark 1 : if F(—u) = —F(u) we may assume u®®) =0
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WAVE EQUATIONS 4

D) = p{) 4 Dl 4+ 2DL 4.
D) = —jaw(k) + edy, + €20y, + ... + iw(ak — iedg)

Remark 2 : if w(k) is polynomial of degree N then the number of slow
times is N and D(®) is of order N

DL = ifw(ak) — aw(k)]

: (a)
Remark 3 slave harmonics D0 #0

resonant harmonics D(()a) =0
Assumption : only the harmonics o = +1 are resonant
Remark 4 : u(®) = O(e%) , ul® =3, __ e"ul®)(n)
Remark 5 : all u(®(n) for n > 2 are differential polynomials of u(")(n)
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WAVE EQUATIONS 5

new notation | ATTENTION | :
UM =u=cu(t)+Eu@)+..., u = v u(n)=dlu(n)
DM =D=eDi +Do+... , Dy=0;,— (—)""wn(k)df

FO=F=F+eFy+...
Pn = set of nonlinear differential polynomials of order n and gauge1 of u(m)
order of {uj(n)} = orderof {u;(n)} =j+n, Fp € Py

dim{Ps} = 1,basis of {P3} = {|u(1)[Pu(1)}, dm{P,} =4,
basis of {P4} = {|u(1)|?u(2) , u(1)2u*(2), lu(1)Pui(1), u(1)?us(1)}
dim{Ps} =14, dim{Pg} = 36,

Pn(j) = subspace of P, dependingon u(m), 1 <m<j
Pn(n - 2) — Pn
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SECULARITIES 1

resonant harmonic a=1: | Du=F |

Dyu(n)+ Dou(n—1)+ ...+ Dou(1) = Fpyq, n=1,2,3,---,
n=1: D1 U(1) = (811 +wk8§)U(1) =0 , U(1) = U(1)(§—wkt1,t2, L, - )
n=2: D1 U(2) = —DQU(1) + F3 R

Remark : Dju(2) =0, ( ) =u(2)(§ —witi, b, b5, +)
proof : DyDou(1)=0,D(1)F3=0, — Dou(1)—F3=0

Fs = —2iwyc|u(1)2u(1)

NLS : o,u(1) = iwg(aguh) —2clu(1)Pu(1)), c=c*
Remark : Dyu(n) =0 proof : by recursion
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SECULARITIES 2

triangular system of PDEs
Dou(n—1)+ Dgu(n—2)+ ...+ Dyu(1) = Fpy1, Nn=2,3,---

n=2— NLS ,n=3— Dyu(2)=—-Dsu(1)+F,
Remark : Dsu(1) is secular
eliminating secularity : Dyu(1) = —6wsc|u(1)Pus(1) € P4

(1), cmKdV
by recursion : Dyu(1) = (=) 'wpcVisy, | Vn€7’n(1) n=

1,2,
Vs =2 (3q1 +3¢qh — Goge)u(1) — 6(qoun(1))e € Ps(1)
Ve = 10(q1 +3¢q5 — Qoee) i (1) — 6(qoti2(1))e € Pe(1)
g =lyMP, j=01.2,...
D2U(n—1)+03U(n—2) ..+ Dp_ 1U(2) Hni1, n>3
Hn = Fn+ (=i )n lwp_1¢Vy
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INTEGRABILITY 1

integrability of NLS — commutativity of NLS flows :

o,u(1) = Kplu(1)], n=1,2,...
integrability of the original PDE

jSK,,[uU) +8V][s—0 = Kp[u(D)]v , Mn =0y, — Ki[u(1)], [Mn, Mm] =0

MQU(I’]— 1)+M3u(n—2)+...+Mn,1u(2) = Gn+1 , >3
Mpu(m) = gn(m) ,n>2, m>2
9n(mM) € Prym(m M;gn(m) = Mpg;(m)

gz(n)+gs(n—1) ~-+gn( ) = Gny2
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INTEGRABILITY TEST 1

remark : the existence of go(m) € Ppo(m— 1) and of
g3(m) € Pmis(m— 1) such that Mogs(m) = Mzgo(m) implies the
hierarchy Myu(m) = gn(m) € Pmyn(m — 1) of commuting flows

9(2)—  3(2), %2, g(2),

- + + +
Gs 9(3) — a(3),  9(3) ,
- + +
Gs 92(4) —  3(4) ,
- +

Ge 9:(5) —

Gy
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INTEGRABILITY TEST 2

first obstruction at order n+1 — A,—integrability

Mzgo(n+1) ¢ Ma(Pnya(n))

Aq-integrability — NLS
Ao-integrability — M3go(2) = M3 Gy

Ga = (alu(1)Pus (1) + bu(1)?u; (1)) € Pa(1)

computation : Ma(alu(1)[Pui(1) + bu(1)2ui(1)) € Ma(Ps(1))
iff a=a",b=>b*

P3(1) =1, Ps(1) = 2, Ps(1) = 5, Ps(1) — 8, Ps(2) — 4

Ps(2) — 12, Ps(2) — 26, P5(3) — 14, Ps(3) — 34, Ps(4) — 36
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DP equation 1

testing the 5-parameter family :

U[' + CUX + dUXXX - aZUX)(t - azf(UUXXX "‘ bUXUXx) + gUUX - 0
passing the As-integrability test :
@ a=0, KdV , u;+ cuy + dugxx + guuy =0
Q@ b=2,g=3f, CH,

Ut + CUX + dUXXX - aZUX)(t - aZf(UUXXX + 2UXUXX) + 3fUUX - 0
Q@ b=3,g=4f, DP ,

Ut + CUX + duXXX - aZUth - azf(UUXXX + SUXUXX) + 4fUUX - 0
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DP equation 2

DP equation :
my+umy +3uym=0, U—Ux=m
Lax pair :

{ l/Jxxx = 77/)X + /\m(X7 l‘)lﬂ
Yt = %d’xx — u(x, )by + ux(x, t)
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